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This note will show, as an immediate consequence of a theorem of Fried, that 
many HCnon maps are not expansive. L!? 1988 Academic Press, Inc. 
By definition, a H&on map f: R* + R2 is a quadratic diffeomorphism of 
the plane with the property that no straight line maps to a parallel straight 
line. (Compare [12], [S].) By an afline change of variables, such a map 
can always be conjugated to a normal form which depends on two 
parameters. We will use the normal form 
where 6 is the constant Jacobian determinant (compare [9]); however, any 
other standard normal form would do just as well. Let h(f) be the 
topological entropy of the canonical extension of f over the one-point 
compactitication R2 u co. 
LEMMA 1. This topological entropy h(f) depends continuously on the two 
parameters tl and 6, and for each fixed value of the determinant 6 it takes on 
all values in the interval [0, log 23. 
The proof will be given presently. Our main result can be described 
roughly by saying that, for most values of h(f ), the map f cannot be 
expansive. 
THEOREM. For each fixed value of the determinant 6 there exists a coun- 
table set C, so that a H&on map f with determinant 6 can be expansive only 
if h(f )EC6. In fact, tf h(f) $Z,, then for any E > 0 there must exist two 
distinct points in the plane whose orbits under f are bounded and remain 
e-close for all (positive and negative) time. Furthermore, if the chain 
recurrent set off has only finitely many chain components, then both points 
can be chosen to lie in this chain recurrent set. 
Compare [ 18, 191 for other kinds of pathology, which may well be 
related. Here a homeomorphism f of a metric space is said to be expansive 
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if there exists a number E > 0 so that, for any two points x # y of the space, 
there exists an integer n (which may be positive or negative) so that the 
distance between f”“(x) and f”“(y) is greater than E. The notation f”“(x) 
denotes the image of x under n-fold iteration off: A point x belongs to the 
chain recurrent set R = Rr if, for every neighborhood N of the graph of A 
there exists a “chain” of points x = x(O), x( 1 ),..., x(n) = x of length n > 1 
from x to itself with (x(i), x(i+ 1)) EN. Two points x, y E RJ belong to the 
same chain component of Rr if for every N there exists such a chain from x 
to y and also from y to x. (Compare [ 111, where our chain components 
are called “maximal indecomposable sets”.) 
The proof will be based on the following. We will use the notation 
H(f) = lim n-’ loglFix(f”“)l 
“-02 
for the rate of exponential growth of the number of points of period n, 
taking H = 0 if there are no periodic points. 
THEOREM OF FRIED [S]. Zf X is an isolated compact invariant set for a 
diffeomorphism f, and iff 1 X is expansive and no degenerate periodic points, 
then the zeta function off 1 X is rational, and in particular the number 
H(f I X) is the logarithm of an algebraic integer. 
Here f is said to have a degenerate periodic point if the graph of some 
iterate f On has a non-transversal intersection with the diagonal. The 
f-invariant set X is isolated if it has a neighborhood U such that the inter- 
section, over all integers n, of the imagesf”“( U) is equal to X. To apply this 
result to a HCnon map f, we can take X to be the set K= K, consisting of 
all points x in R2 for which the full orbit {f”“(x)),, z is bounded. It is not 
difticult to check that K is compact, and that K I R 2 Q, where R = R, is 
the chain recurrent set and Q = s;Z, is the non-wandering set. Clearly K is 
isolated, since no point outside of K can have an orbit which remains 
uniformly close to K. Note that H(f) = H(f 1 K) = H(f 1 Q), since every 
periodic point of f is contained in the non-wandering set. Similarly 
h(f)=h(f IK)=h(f 152) (see, for example, [23,p. 1903). 
To begin the argument, let us prove Lemma 1. In the case of a dif- 
feomorphism of a compact manifold, upper semicontinuity of h under C” 
perturbation of the map has been proved by Yomdin [24, Sect. 1.91 and by 
Newhouse [20], while lower semicontinuity in the two-dimensional case 
has been proved by Katok and Mendoza [ 163. These proofs apply also in 
our case, even though the extension off is not differentiable at the point at 
infinity, since we need only consider the restriction off to a neighborhood 
of the compact set K. 
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According to Devaney and Nitecki [6], there are constants a, < a; 
depending on 6 so that whenever the parameter a satisfies a -C as the set 
K= KI will be vacuous with topological entropy h(f 1 K) = 0, while 
whenever c1> a; the map f 1 K will be isomorphic to a full 2-shift with 
topological entropy log 2. Hence the entropy must also take on all 
intermediate values. This proves Lemma 1. 1 
LEMMA 2. If f 1 K or f 1 Q is expansive, then the number H(f) can be 
identified with the topological entropy h(f ). 
Proof: The inequality h < H is true for any two-dimensional map by 
[ 15, Sect. 43, while the inequality H < h is true for any expansive map 
by C31. I 
See also [4, p. 1 lo]. Note that the inequalities 0 <h(f) 6 H(f) <log 2 
are true for all parameter values, since the n-fold iterate off has at most 2” 
fixed points for each positive n ([ 143 or [9]). It seems possible that h = H 
for all Henon maps. 
LEMMA 3. For each fixed 6, there are at most countably many values of 
the parameter LY for which the corresponding H&non map f has a degenerate 
periodic point. 
Proof. Here it is best to pass to the complex Henon map, depending on 
two complex parameters c1 and 6. Then the condition that the graph off ‘” 
has a non-transversal intersection with the diagonal defines an algebraic 
relation between these two parameters. For each fixed 6, since this relation 
is not satisfied for all values of CC, it can be satisfied at most for finitely 
many a. Taking the union over all periods n, we obtain at most a countable 
number of values of a for each 6. 1 
The proof of the Theorem is now straightforward. For each fixed 6 # 0 
we must exclude countably many values of h(f) which are logarithms of 
algebraic integers, and countably many which correspond to degenerate 
,periodic points. If h(f) does not lie in this countable excluded set, then the 
map f 1 K cannot be expansive. That is, for any E > 0 there must exist two 
distinct orbits in K which remain s-close for all (positive and negative) 
time. If the chain recurrent set R has only finitely many chain components, 
then it is easy to check that R is isolated, and this same proof shows that 
f 1 R cannot be expansive. (Similarly, if Q is isolated, then f 152 cannot be 
expansive.) # 
This proof works also for many other families of two-dimensional dif- 
feomorphisms. Unfortunately, it is quite non-constructive. In practice, it 
seems very difficult to compute the entropy h(f ). Bowen [2] has given a 
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lower bound for entropy in terms of the action off on the fundamental 
group of R2 - C, where Z is any finite union of periodic orbits. This lower 
bound is closely related to the theory of pseudo-Anosov mappings of this 
surface; in fact the ideas described in [7] for surfaces of higher genus can 
also be applied to a multiply punctured surface of genus zero. If the deter- 
minant 6 is negative, Blanchard and Franks [l] have given the simple 
criterion that h > 0 whenever there exists a periodic point of odd period 
greater than one. When the determinant is positive, Kobayashi [ 171 has 
given a more delicate criterion for positive entropy in terms of the closed 
braid in the mapping torus off which is associated with any finite union of 
periodic orbits. However, such rough inequalities for entropy can hardly 
tell us when h = H, or when h is the logarithm of an algebraic integer. 
I am indebted to Newhouse for the following examples, where our 
argument definitely does not apply. We will show that there exists a coun- 
table collection of non-empty open sets Ui in the plane of parameter pairs 
(a, 6) so that any Henon map f with parameters in Ui has the following 
properties. The entropy h(f) = H(f) takes a constant value log ui throughout 
Ui, where each u, is an algebraic unit. Furthermore, the set of all such ui is 
everywhere dense in the interval [ 1,2]. Each of these maps f is hyperbolic 
and hence expansive on the set R,-= Q,, but is not expansive on the larger 
set &r. 
To construct such examples, we start with any real quadratic mapping 
q: y H y2 - a which has a (necessarily unique) stable periodic orbit. Then 
the chain recurrent set R, is hyperbolic, and hence coincides with the non- 
wandering set, or with the closure of the set of periodic points. (Compare 
[ 10, pp. 145, 150; 22, Sect. 21.) Furthermore, the entropy h(q) = H(q) 2 0 is 
equal to the logarithm of an algebraic unit. These same facts are also true 
for the degenerate two-dimensional map (x, y) H (y, y2 -a). Now for 161 
sufficiently small, the chain recurrent set of the Htnon map 
f: (x, y) H (y, y2 -a - 6x) is also hyperbolic, and also has just one stable 
periodic orbit. (See [22, p. 3451 for a more detailed statement.) It follows 
that this chain recurrent set R/is isolated, and coincides with the closure of 
the periodic set [21, pp. 106, 111-J. The entropy H(f) = h(f) will be the 
same as the entropy h(q). In fact the actual number of points of given 
period will be the same for f and for q, since no bifurcation is possible 
under a deformation of q for which the set of periodic points remains 
hyperbolic. The map f is expansive on Rf= Q,- (compare [21, p. 843). 
However, f cannot be expansive on the larger set K/, since the unstable 
manifold leading out from any unstable periodic point off must intersect 
the basin of attraction of the stable periodic orbit, and two nearby points 
in such an intersection will always remain close to each other under 
forward or backward iteration of jY (See also [ 131.) 
Thus there exists an open subset of the parameter plane where our 
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argument does not apply. Such perturbations of one-dimensional hyper- 
bolic quadratic maps seem to be about the only examples of H&on maps 
with 0 <-A < log 2 for which one can almost completely understand the 
dynamics. It would be interesting to know whether there exists a set of 
positive measure in the parameter plane where H is not the logarithm of an 
algebraic integer, so that our argument does apply. 
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